ABSTRACT. We study the k[G]-module structure of the space of holomorphic differentials of a curve defined over an algebraically closed field of positive characteristic, for a cyclic group G of order p ℓ n. We also study the relation to the Weierstrass semigroup for the case of Galois Weierstrass points.
INTRODUCTION
Let X be a projective nonsingular curve, defined over an algebraically closed field K of positive characteristic p. The study of the curve X is equivalent to the study of the corresponding function field F .
An open question in positive characteristic is the determination of the Galois module structure of the space of holomorphic differentials of X. This problem is still open and only some special cases are known [16] , [17] , [8] , [12] , [1] where restrictions are made either on the ramification type or on the group structure of G. R.Valentini and M. Madan in [19] computed the Galois module structure of the space of holomorphic differentials for the case of a cyclic group action G, where G was a cyclic p-group of order either prime to p or a power of p. One of the aims of this paper is to extend the result of Valentini Madan to the more general case of a cyclic group that has order p ℓ n, (n, p) = 1. We will characterize the indecomposable summands V (λ, k) (see section 2 for a precise definition in terms of the Jordan indecomposable blocks of the generator) and we will decompose the space V of holomorphic differentials as:
The numbers d(λ, k) will be described in terms of the ramification of the extension F/F G in theorem 7. The G-module structure is expressed in terms of the Boseck invariants. These are invariants introduced by Boseck [2] coming from the construction of bases of holomorphic differentials. The Boseck invariants have rich connections with other subjects in the literature: computation of Weierstrass points, [2] , [3] , [4] ; the computation of the rank of the Hasse-Witt matrix, [9] ; the classification of curves with certain rank of the Hasse-Witt matrix [11] ; the study of the Artin-Schreier (sub)extensions of rational functions fields, [18] ,etc. Here we choose to focus only on the G module structure as well as on the structure of the Weierstrass semigroup that is attached to a ramified point.
The complicated notation needed in order to state the main results prevents us from presenting our main theorem here.
The paper is organized as follows: In section 2 we introduce a notation for the places that are ramified in extension F/F P /F G and give a filtration of the module of holomorphic differentials used in the computations. Next section is devoted to dimension computations Date: July 26, 2011. keywords: Automorphisms, Curves, Differentials, Numerical Semigroups. AMS subject classification 14H37.
with the aid of Riemann-Roch formula. In the final section we see the relation to the Weierstrass semigroup. We tried to relate our results to known results in the literature. This way we discovered an inaccuracy in the work of Boseck [2] in the case of a Z/pZextension of the rational function field ramified above one point. Finally we extend results from characteristic zero relating the Galois module structure of the space of holomorphic differentials and the Weierstrass semigroup attached to a ramified point.
NOTATION
Let G = g be a cyclic subgroup of automorphisms acting on the space of holomorphic differentials V := H 0 (X, Ω X ). The group G can be written as a direct product of a group T = g p ℓ of order n and a cyclic p-group P = g n . We consider the tower of function fields F/F P /F G . Let np ℓ = |G|, (n, p) = 1 and consider a primitive n-th root of unity ζ n ∈ K. By Jordan decomposition theory we see that we can decompose V as a direct sum of K[G]-modules V (λ, k). The modules V (λ, k) are k-dimensional K-vector spaces with basis {v 1 , . . . , v k } and action given by (2) gv
The action of the generator g on V (λ, k) is given in terms of the matrix:
Observe that for a cyclic group G of order np ℓ generated by g the module k , where k = 1, . . . , p ℓ [19] . In our notation these are the modules V (0, k) i.e. the indecomposable Jordan forms of dimension k.
Proposition 2. The indecomposable
K[G]-module V (λ, k) seen as a K[T ]-module is a direct sum of k characters of the form ζ → ζ p ℓ n . The module V (λ, k) seen as K[P ]-
module is indecomposable and isomorphic to the module
Proof. We will use the following idea: The action of G on the indecomposable summand V (λ, k) is described by the action of the generator g of G. We would like to view the module V (λ, k) as a P and T module respectively. A generator for the T group is given by g . This means that V (λ, k) seen as a T module is decomposed as a direct sum of k characters of the form ζ → ζ λp ℓ . Since (p ℓ , n) = 1 raising an n-th root of unity to the p ℓ -power is an automorphism of the group of n-th roots of one.
On the other hand the action of the generator g n on the module V (λ, k) is given by the n-th power of A. We observe first that that all eigenvalues of A n are 1. We will prove that A n is similar to the matrix Id + N , i.e. a Jordan indecomposable block. Since all eigenvalues of A n are 1 the characteristic polynomial of
d and this is possible only if d = k. This implies that A n is similar to an indecomposable Jordan form of dimension k.
2.1. Fields and ramification. We will introduce some notation on the ramification places in the extensions F/F P and F/F G . Let us denote byP 1 , . . . ,P s the places of F P that are ramified in F/F P . The places of F that are aboveP i will be denoted by
, where e i = p ǫi is the common ramification index e(P i,ν /P i ). The different Diff(F/F P ) is supported at the places P i,ν while the discriminant D(F/F P ) is supported at the placesP 1 , . . . ,P s . Let us denote the different exponent at each ramified place P j by δ j . The discriminant is then computed:
while the different is given by
The cyclic group extension F P /F G is a Kummer extension with Galois group T and it is defined by an equation of the form:
LetQ 1 , . . . ,Q t be the places of F G that are ramified in extension F P /F G . We define Q i,ν , 1 ≤ ν ≤ n/e ′ i to be the places of F P which are aboveQ i , where e ′ i denotes the common ramification index, e
Assume that the set of places {Q 1 , . . . ,Q t0 } extend to places Q i,ν of F P that do not ramify on F/F P and that each placeQ i of the places {Q t0+1 , . . . ,Q t } extends to places Q i,ν that ramify in F/F P . The total number of places of the form Q i,ν t 0 + 1 ≤ i ≤ t equals
We enumerate the placesP i such that {P s0+1 , . . . ,P s } do not ramify in
where 0 < φ i < n, A is a divisor of F G . The ramification indices are given by e ′ i = n/(n, φ i ), and the discriminant is given by
We also define Φ i = φ i /(n, φ i ).
Modules.
Let us now focus on the cyclic p-group extension F/F P . The G-module structure on holomorphic differentials on a cyclic p-group is studied by R. Valentini and M. Madan in [19] . Let σ := g n be a generator of the cyclic group P . Recall that V denotes the set of holomorphic differentials. Following the article of Valentini Madan we consider the set of subspaces V i ⊂ V defined by
We compute that (the set {v 1 , . . . , v m } is the basis of V (µ, m) given in eq. (2)).
Since G is a commutative group there is a well defined action of T = g p ℓ on the quotient space V i+1 /V i and the natural map
is T -equivariant. The images of the spaces V i+1 ∩V (λ, m) under this map are 0 for m ≤ i and are one dimensional if m > i.
The space
Lemma 3.
There is a basis {w 0 , . . . , w p ℓ −1 } of F over F P such that:
with x, c ν ∈ F P and with the additional property that
Proof. The definition of the basis is given in [19, p.108] while the second assertion is proved in the same article in the proof of theorem 1. The existence of the numbers Φ(µ, j) follows by the construction of the extension F/F P in terms of successive Artin-Schreier extensions (see [19, sec. 1 
]).
Define the integers:
Notice that the valuation v Pµ,ν (w k ) does not depend on the selection of the place P µ,ν over P µ . Let τ = g p ℓ be a generator of the cyclic group T . Assume that τ y = ζ r n y. For each λ = 0, . . . , n − 1 we select 0 ≤ α λ ≤ n − 1 such that (8) rα λ ≡ λ modn.
Definition 4. Define the Boseck invariants:
This is the Boseck invariant for the p cyclic case, see [2] and [6] .
This is the Boseck invariant for the the cyclic tame case. These invariants coincide with the ones introduced by [2] , and used by [6] , after letting r = 1, to eq. (8) (this can be done without loss of the generality).
In next section we will prove the following:
The integer Λ k,λ is given by the following rule:
This will allow us to see:
For all the values of r and for k < p ℓ − p r we have:
For r = 0 and p ℓ − p r ≤ k ≤ p ℓ − 1, we have:
Proof. The proof is a simple application of proposition 6.
Computation of c(λ, k).
This section is devoted to the proof of proposition 6. 
Proof. Group actions on curves without branched points on spaces of holomorphic differentials were studied by T. Tamagawa [16] . Tamagawa proved that the space of holomorphic differentials is decomposed as
where g X/P is the genus of the quotient curve X/P . Actions with tame ramification where studied by E. Kani [5] . Kani proved that: The result of Tamagawa for the action of the p-group P = g n gives that
The integers d * (λ, p ℓ ) can be computed by a careful look at the definition of the tame ramification module. We will instead compute them using the results of Valentini-Madan for the extension
The extension F/F T is a cyclic Kummer extension with Galois group generated by σ = g p ℓ and it is characterized by the integers φ, Φ, e ′ i , α λ introduced in section 2.1. For the module of holomorphic differentials the multiplicities m λ of the character λ given by the action σ j (v) = ζ λj v are equal to
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For the last equality it is enough to notice that as (Φ i , e 
and d * (λ, k) = 0 in all other cases. Notice that the eigenvalue ζ λ appears p ℓ times in every component V (λ, k).
Remark 9.
Applying Riemann-Hurwitz formula, we obtain:
• If F/F T is unramified, i.e. when e ′ i = 1 for all i, then this coincides with the result of Tamagawa, [16] .
• If p ℓ = 1, i.e. F G = F T , then this coincides with the result of Hurwitz [10, Theorem 3.5, p. 600], after letting r = 1, to eq. (8).
Is there a place P of F that is fully ramified in extension F/F g n ? If not then we consider the place P with maximal ramification index. Set r = ℓ − max{ǫ i }. The wild decomposition group g n (P ) at this place is cyclic and we will denote the corresponding fixed field by E r . Call E the fixed field of the wild part g n . Then we will have a tower of fields F/E r /E such that in extension E r /E there is no ramification at all. Notice that r = 0 and E r = E if and only if there is a place P fully ramified in extension F/F g n .
For the study of the spaces V k+1 /V k , with k = 0, . . . , p ℓ − 1, we will distinguish two cases: Case 1. k < p ℓ − p r .
Lemma 10. Assume that
See the proof of theorem 1 and page 112 in [19] .
In order to study the k[T ]-module structure of the space V we will apply the previous argument with f in place of the c k and we focus our study to the space of differentials which have poles at s µ=1 ν µ,k P µ , i.e. differentials of the form:
We may choose the function x ∈ F P to be a function in F G . Let τ = g p ℓ be a generator of the cyclic group T . Recall that we assumed that τ y = ζ r n y and we have selected α λ such that rα λ = λ modn. Assume that
By eq. (8) we have τ (f /y α λ ) = f /y α λ , so f = hy α λ with h ∈ F G . Therefore, eq. (12) is satisfied if and only if
We compute:
Remark 11. Whenever we write down a reduced divisor A = α i P i (i.e. P i = P j ) with q i ∈ Q we mean the divisor ⌊q i ⌋ P i . Notice that if A = α i P i is a divisor (with possible rational coefficients) and B = β j P j is a divisor with integer coefficients, then since for α ∈ Q, β ∈ Z ⌊α + β⌋ = ⌊α⌋ + β we have that
i.e. we don't have to write down A + B in reduced form, before taking the integral part of its coefficients.
Using eq. (4), (5) we see that eq. (13) is equivalent to 
is an effective divisor.
We will now write E k,λ as a sum of an integral divisor and of a divisor in reduced form. We can assume that {Q 1 , . . . ,Q t0 } is the set of ramified places such that their extensions in F P do not ramified further in F/F P . We will denote by {Q t0+1 , . . . ,Q t } the rest of the ramified places. For the s − (t − t 0 ) places of F P that are not ramified in F P /F G we will denote by Π µ the places n j=1 τ P µ . Now E k,λ can be written:
The divisor E k,λ as it is written above is not necessarily in reduced form. We don't know whether the divisor A is prime toQ i or Π µ . But since it has integer coefficients and since all the divisors with possibly rational coefficients are prime to each other, we arrive at
Lemma 13. The degree of E k,λ equals to
Proof. Following Valentini Madan we see that that
We will use
We have
Proof. By Riemann-Roch theorem and lemma 13 we see that
If the divisor deg(E k,λ ) > 0 then dim L(−E k,λ ) = 0 and the result follows. Assume now that deg(E k,λ ) = 0. Since E k,λ is effective this means that E k,λ = 0 and in this case Λ k,λ = ℓ(0) = 1.
In this case we will apply the same procedure as we did in Case 1 and then we will apply lemma 8 for the extension E r /F G . Write
is an isomorphism. We will now consider the extension E r /F G and we will apply lemma 8 in order to compute the decomposition into indecomposable G/ g Er . We compute that c(λ, k) equals to:
Therefore, for k = p ℓ we compute:
by lemma 8. Moreover for p ℓ − p r ≤ k ≤ p ℓ − 1 and from eq. (6) and the isomorphism given in eq. (16) we obtain:
Remark 15.
Notice that when k ≥ p ℓ − p r , then ν µ,k = 0 (see also [19, p. 110] ). Thus Boseck invariants (Definition 4) take now the form
With this in mind, we take that
This completes the proof of theorem 7.
Example 16. Suppose that F G = F P , i.e. n = 1 then, from eq. (9) and (10) respectively, we get that the regular representation of G occurs
times in the representation of G in V . This result coincide with the results obtained in [19] .
RELATION TO THE THEORY OF WEIERSTRASS SEMIGROUPS
Aim of this section is to find a relation between the Galois module structure of the space of holomorphic differentials and the Weierstrass semigroup attached to a ramified point. In characteristic zero there are results [10] relating the structure of the Weierstrass semigroup at P to the subgroup G(P ). For example there is a theorem due to J. Lewittes [7, Th. 5] which relates the structure of the semigroup to the module structure of holomorphic differentials. Also I. Morrison and H. Pinkham [10] considered the case of Galois Weierstrass points, i.e. covers of the form X → P 1 with cyclic cover group in characteristic 0.
Let us start with a convenient description of a semigroup: Let Σ ⊂ N be a semigroup and let d be the least positive number in Σ. For 1 ≤ i ≤ d − 1 we denote by b i the smallest element in Σ congruent to i modd, and define ν i by the equation:
The numbers ν i equals to the number of gaps a k for which a k ≡ i modd, and the semigroup Σ is characterized by them.
From now on Σ will be the Weierstrass semigroup attached to a point P . Let f be a function on X such that (f ) ∞ = dP . This gives rise to a map f : X → P 1 and we assume that this map is a Galois cover with Galois group G(P ). In characteristic 0 the group G(P ) is always cyclic and the space of holomorphic differentials is described by a theorem due to Lewittes and Hurwitz [10, th. 1.3, th 3.5].
In this paper we assume that G(P ) is a cyclic group of order np ℓ . The following theorem is a generalization of the theorems of Lewittes and Hurwitz written in the language of Brauer characters [13] .
Proposition 17. Let T be the tame cyclic part of G(P ). Let L be a complete local ring that contains the n-th roots of unity, let O L be its valuation ring and let
where χ is a generator of the character groupĜ reg of the cyclic group G reg = Z/nZ and µ i are equal to the number of gaps at P that are equivalent to i modn.
Proof. The proof we will write is a modification of the characteristic zero proof given in [10, th. 1.3] . By construction for every σ ∈ T we have σ(T ) = T . Let τ be the generator of T . By the lemma of Hensel we might assume that there is a local uniformizer t at P such that σ(t) = ζt where ζ is a primitive n-th root of unity.
Every gap a k corresponds by Riemann-Roch theorem to a holomorphic differential ω k with a root of order a k − 1 at P . Observe that the flag of vector spaces ω g , . . . , ω k are invariant under the action of G and by a trigonal change of coordinates we might assume that ω k can be selected in such a way so that ω k = t a k −1 dt. For this selection of ω k we have that τ ω k = ζ a k ω k and the result follows.
This proposition does not describe completely the relation of the semigroup and the K[G]-module structure since it gives information of the number gaps modulo n and not modulo np ℓ as required. Notice that by construction d := np ℓ is the smallest non zero pole number.
Definition 18.
For every i, 0 ≤ i < np ℓ we consider the reductions of of i modulo p ℓ and n respectively, namely: i 0 = i modn and i 1 = i modp ℓ . We will denote bȳ c(i 0 , i 1 ) = the number of gaps at P that are equivalent to i modnp ℓ .
Of course these quantities are related to the µ i defined in proposition 17. For an i 0 with 0 ≤ i 0 < n we have
We will give an independent and complete description in terms of the decomposition given in eq. (1). x ≡ r µ,k modp ℓ , (20)
x ≡ α λ modn is equal to c(λ, k) =c(a λ + 1, r µ,k + 1).
Proof. By lemma 10 the differential The valuation at P µ0 of the differential c k w k dx of F equals:
(22) p ℓ vP µ 0 (c k dx) + δ µ0 + v Pµ 0 ,ν (w k ).
Recall that δ µ0 + v Pµ 0 ,ν (w k ) = r µ0,k + p ℓ ν µ0,k by eq. (18), so (22) becomes p ℓ vP µ 0 (c k dx) + r µ0,k + p ℓ ν µ0,k
